We report on a new methodological approach to electrodynamics based on a fluidic viewpoint. We develop a systematic approach establishing analogies between physical magnitudes and isomorphism (structure-preserving mappings) between systems of equations. This methodological approach allows us to give a general expression for the hydromotive force, thus re-obtaining the Navier-Stokes equation departing from the appropriate electromotive force. From this ground we offer a fluidic approach to different kinds of issues with interest in propulsion, e.g., the force exerted by a charged particle on a body carrying current; the magnetic force between two parallel currents; the Magnus's force. It is shown how the intermingle between the fluid vector fields and electromagnetic fields leads to new insights on their dynamics. The new concepts introduced in this work suggest possible applications to electromagnetic (EM) propulsion devices and the mastery of the principles of producing electric fields of required configuration in plasma medium.
I. INTRODUCTION
The analogy between the vector fields of electromagnetism and the hydrodynamic fields provides far-reaching insights into electromagnetic (EM) fields [1, 2, 3, 4] and it has been used to solve complex problems, like the turbulent fluid flow by Marmanis [5] .
Several steps have been made in this direction. P. Holland [6] deduced the set of Maxwell's equations from continuum mechanics by generalizing the spin-0 theory to a general Riemannian manifold. On a different ground, the conceptual similarities between condensed matter and the quantum vacuum allows one to simulate phenomena in high-energy physics and cosmology using quantum liquids, Bose-Einstein condensates and all scenarios appearing in condensed matter systems [7] . The failure to develop a quantum field theory of gravitation leads to a relativistic description of rotating space-time that reveals striking similarities between the vacuum state with quantum condensate [8, 9, 10] . Meholic and Fronning [11] proposed the concept of a superluminal space inside which a vessel would be propelled through the "superlight" continuum by a field that interacts with static electromagnetic forces.
A fluid-dynamic approach to the relativistic electromagnetic field has been done by Kaufman [12, 13] , treating the electromagnetic fluid as a "fluid" with a "definite and calculable velocity relative to an observer" [13] and taking into account an additional flow-work term, he obtained a Lorentz-invariant electron mass. We have obtained similar conclusions through a different procedure, using the convective derivative of the EM "fluid" [14, 15, 16] .
These similarities between vast areas of physics undoubtedly constitute a successful example of the unity of physics and illuminates the physical reality hidden inside the physical vacuum.
In this paper we introduce a "fluidic electrodynamic" approach to the electromagnetic fields in terms of the potential functions (A, φ) and their material derivative, as they emerge in quantum mechanics as more fundamental quantities than the (E, B) fields, predicting certain quantum interference effects, like the Aharonov-Bohm (AB) effect and the single-leg electron interferometer effect known as the Josephson effect.
The "fluidic electrodynamics" viewpoint brings far-reaching results as analogies are concerned. In addition, the simplified methodology offered in this article helps to solve certain problems by anyone with reasonable knowledge of electrodynamics and to apply to situations of experimental interest with sufficient accuracy, before undergo more complicated procedures.
II. FLUIDIC APPROACH TO ELECTROMAGNETISM
The founders of electromagnetism envisaged the "aether" as an "elastic solid" (e.g., Faraday's "electro-tonic state"-mechanical medium subject to certain states of tension and motion), and Maxwell later on used the representation of Faraday's line of magnetic force as the velocity of an incompressible fluid [17] , introducing in a quantitative form the Faraday's law of induction under the form E = −∂A/∂t.
Bernhard Riemann attributed the cause of gravitation and light "in the form of motion of a substance that is continuously spread through all infinite space" [18] . Riemann conceived this substance as a physical space whose points move in geometrical space. As far as the term "aether" is introduced hereby, we could argue that it might be better to use it, instead of physical vacuum, or just vacuum, since vacuum usually means "nothing whatsoever", while physical space confuses the word either with vacuum or mix up physics with geometry [19] .
The special theory of relativity attributed to the "aether" the quality of a "superfluous" artifact to think about natural phenomena, but currently there is a strong need to rethink this medium as a true physical vacuum. In fact, Dirac postulated the existence of an "aether" needing an "elaborate mathematics for its description" [20] and later he proposed a new classical theory of electrons formulated in a hamiltonian form and not based on gauge transformations [21] . According to him, the 4-vector potential should verify the condition A µ A µ = m 2 /e 2 and the 4-velocity field should be given by V µ = eA µ /m. The velocity V appears in the vector potential with the physical significance of the velocity with which an electron charge must flow in the ether. Dirac interpreted this velocity field as something real, even in the absence of electric charges. By the contrary, Poincaré advocated that the electromagnetic energy was a fictitious fluid transported in space according to Poynting's laws -in fact, according to his own words, a useful "mathematical fiction" [22] .
Remarkably, the experimental findings by Graham and Lahoz [23] implies that the vacuum is the seat of "something in motion", in the way how Maxwell envisaged the "aether". More recently, it was shown that a medium in uniform motion with velocity v plays the role of the vector potential, while the charge is proportional to Fresnel's dragging coefficient for light in moving media [24] . In the framework of general relativity, Keech and Corum [25] have shown that an electric null current is accompanied by a neutral fluid current, and it is this null fluid that transports the energy instead of the electromagnetic field.
Reasoning along this line of thought we thus attribute to the vector potential the property of the velocity of a "fluid" embedded in the physical vacuum. We recall that the physicality of the vector potential is now well proven experimentally [26] . We do not intend here, however, to describe the inner nature of a so pervasive and evasive medium, be it a mechanical medium whose deformations correspond to the electromagnetic fields, or a locally preferred state of rest. However, it is particularly relevant that currently there have been advanced some explanations about the origin of "dark matter," inventing new particles, as the WIMP (weekly interactive massive particle) or the neutralino (e.g., Ref. [27] ). Observations of our Galaxy and other major galaxies help to discover vast coronas extending far beyond the visible stellar systems. Although they do not emit visible light, their mass may exceed the total mass of the stars they surround. This question might be related to the Graham and Lahoz experimental findings and quoted above, that "something in motion" is not took into account. As we know that rotating gravitational fields can generate electromagnetic fields [28] , it was recently shown that within the approximation of the linearized Einstein-Maxwell theory on flat spacetime, an oscillating electric dipole is the source of a spin-2 field, that is, electromagnetic waves harbour gravitational waves [29] , possibly interbreeding each other.
A vector potential vector field is created whenever an electric charge moves or an electric current is produced by an electromagnetic system. We do not address here the specific problem of the motion of a given particle in this "fluid", problem that is addressed, e.g., in Ref. [30] . We are here interested in describing the effects produced by inducing a flow of the vector potential around material bodies.
To describe the electromagnetic field it is necessary to define the electric field E(r, t), the magnetic field B(r, t); charge density ρ(r, t); and the charge velocity v(r, t). If we have a charged particle with position vector r i (r, t), the charge density is ρ(r, t) = eδ(r − r i (t)). However, it is more advantageous to associate the set of Maxwell's equations with the electromagnetic potentials A(r, t) and φ(r, t) through the relationships [14, 15, 31] : Kraftquelle -Q Permeability of the vacuum -µ0
Mass density -ρ Electric potential -φ(r, t)
Massic enthalpy -π/ρ(r, t) 
Gauss's equation
Note that we introduced into Eq. 1 the convective derivative d/dt = ∂/∂t + v · ∇, instead of the Maxwell-Einstein operator ∂/∂t (see, e.g., Ref. [14, 15, 16] ). We define in Table I the correspondence of field variables in electromagnetism and hydrodynamics. In accordance with [1, 32, 33, 34] , we make the analogy of the magnetic induction field with vorticity ω. We also may notice that the electromagnetic analogue of one of the three inertial forces that is observed in a frame rotating about a point with angular velocity Ω, F 3 = −m[Ω × r] is the Faraday's magnetic induction law [35, 36] . Table II shows the equivalent equations as they are known in electrodynamics and hydrodynamics. n(r, t) denotes the "hydrodynamic" charge density [5, 38] .
We recall here that the vorticity field is defined by:
and it obeys to the causal relationships:
and,
Here, l defines the Lamb vector, l(r, t) = [ω × u]. This mathematical relationship suggests that the physical entity we call magnetic field is created by "something" in rotational motion. This idea is embedded in the Maxwell's vortex mechanical model of the electromagnetic ether that depicts spinning vortices representing a magnetic field, while the lateral motion of the smaller idle wheel particles would represent the electric current [39] . The concept of Lamb vector and hydrodynamic charge have been shown to be useful in locating and characterizing vortex structures and turbulence [38] . The term I inside the Lamb vector governing equation is the turbulent current vector [37] . We may notice here that the vector potential A in magnetostatics is quite analogous to the potential φ, (and it has the same mathematical solutions) in electrostatics (e.g., Ref. [40] ).
Recall that the hydrodynamic circulation is given by:
while in electromagnetism circulation is given by:
Here, Γ is the line integral (circulation) around a closed curve γ of the fluid velocity, and ds is a unit vector along γ. Hence, Γ is the analogue of the electric current, but it does not presuppose a "closed circuit". It is just the circulation around the curve γ that delimits the surface S crossed by the flux of a given "kind" of substance. This is an outcome of Stoke's theorem. This quantity Γ EM is in fact the magnetic flux. The A field is the vector potential and B = [∇ × A]. Both Eq. 6-7 are applications of the Kelvin-Stokes theorem relating the surface integral of the curl of a vector field over a surface S in the Euclidean 3-dimensional space to the line integral of the vector field along γ with a positive orientation, such that ds points counterclockwise when the surface normal n points toward the viewer. We have shown in previous publications [14, 15, 16] that the electric field is given with generality in the form:
Eq. 8 contains the standard Lorentz force, but also a new extra term, which come out naturally from the analysis of the set of Maxwell's equation in moving electromagnetic systems [14, 16, 41] , which is ∇(v · A). We recall that Eq. 8 is an outcome of the use of the convective derivative d/dt inside the Maxwell set of equations. It can be readily shown that d/dt is Galilean invariant whereas the Maxwell-Einstein operator ∂/∂t is not [42] . Multiplying Eq. 8 by the elementary charge dq it gives the electrodynamic force law. However, it appears now a longitudinal force acting on the elementary charge, −dq∇(v · A). According to Boyer [43] this force could possibly introduce an EM-lag effect on a beam of electrons accounting for the AB effect. In this case, the AB effect might be a local effect, making the quantum topological interpretation untenable. Recent experiments [44] , however, observe no lag effect for electrons passing a macroscopic solenoid. According to Boyer [45] this experiment does not yet rule out the controversy, since the classical lag effect depends strongly upon the details of the interaction between electrons and the current of the solenoid [46] . From the above considerations we can set up an isomorphism (structure-preserving mapping) between EM-Field and fluid dynamics -what we call "fluidic electrodynamics" -obtaining the following expression for an element of hydrodynamic force acting on a given physical system:
From the purely theoretical point of view, Eqs. 8 and 9 are completely analogous mathematically, while describing different kinds of "fluids", all symmetry being recovered. Using the mathematical identity:
into the above Eq. 9, we obtain after a short calculation the hydrodynamic motive force in a suitable form:
Multiplying Eq. 11 by the elementary mass dm we obtain a dynamic equation of motion for the elementary particle of mass dm:
Hence, the force acting on a moving charge with velocity v relatively to a frame at rest, must be given by:
while the corresponding dynamical equation of hydrodynamics for an ideal fluid, the Euler-Gromeko equation, is given by:
with f ext representing an external force per unit of mass (in SI units N/m 3 ) -a source term. This equation has the advantage to appear with the angular velocity, and as it happens with Euler equation, Eq. 14 obeys to the same kind of initial conditions and boundary conditions. It is worth to recall the contributions of two different kind of forces to the fluid dynamics, the gradient of enthalpy h = p + ρu 2 /2 and the last term on the right-hand-side, which describes strain condition of the medium. Eq. 14 reproduces the dynamics of an incompressible fluid, but it has been shown by Murad [47] that classical incompressible steady-state subsonic flow solutions can be transformed into viscous solutions by changing the definition of the potential.
The last term of Eq. 13 represents a new term and it might be important where there is chaotic motion, like in arcs and plasmas [41] , or in special geometries. Others authors argued the need of another term correcting Lorentz force, among them, Thomas Phipps [48] , P. Graneau [49] , Cavalleri et al. [50] , Monstein [51] , but they have not given a consistent formulation as we do here.
A. Euler and Bernoulli's integrals of the fluid dynamic equations
Both the Euler equation and the Euler-Gromeko equation can be integrated in special cases provided certain conditions are given. Here, we follow the presentation given in standard textbooks (e.g., Ref. [52] ). Let us consider again Eq. 13. Assuming that our physical system at study is submitted to an external force of the type f ext = −ρ c E, under the assumption of constant charge density, with ρ c = e(n e − Zn i ) denoting the charge density for a plasma fluid, we can rearrange Eq. 13 in the following form :
In the Coulomb gauge we have ∇ · A = 0 and furthermore let's suppose that we have a potential flow with A = ∇χ, altogether with χ a scalar potential. In hydrodynamics the analogue to χ is the potential of velocity Φ. Hence, let's suppose instead that our physical system is submitted to an external massic force deriving from a potential u, f ext = −∇u. Of course, this supposition is similar to the supposition taken with Eq. 15. Note that we make use of the Ampère equation ∇ × H = J = ρ c v (omitting the displacement current term ∂ǫE/∂t) in order to put the term J × B under the form:
It can be shown using standard methods (e.g. Ref. [53] ) that whenever we multiply internally both members of Eq. 15 by the elementary displacement vector dr directed along the streamline, it results into the Lagrange's integral:
Here, the function C(t) depends only of time. Although the first term on the right-hand-side of Eq. 16 plays an important role whenever there is bending and parallel compression of the magnetic field lines we can assume here approximately straight and parallel field lines, in which case it vanishes. Using now Eq. 16 and considering that u = U ρm = p + 1 2 ρ m v 2 with ρ m = mn denoting the mass density, we can rewrite Eq. 17 under the form:
This is fundamentally the law of conservation of energy, and it states that the energy of matter plus the energy of this "fictitious" fluid (carrying electromagnetic fields) is constant along a streamline. Hence, the nature of the fluid can enter through this u function, which means here the internal energy per unit mass. The Bernoulli's integral can also be obtained in the presence of a B-field for a particle of fluid flowing along the line of current, since then ∂A/∂t = 0. Envisaging the permanent flux of a given fluid, we aim now to integrate along a given streamline. If we do the inner product of Eq. 17 by dr, the differential element of a line of current it is easily obtained:
C (in SI units J/m 3 ) remains constant as long as we stand over the line of current, changing value when we change to another current of line. Besides the contribution of the electric potential and the magnetic pressure terms, Eq. 19
shows the contribution of something new -a pressure term associated to the product of the electric current density by the vector potential. This new term represents the onset of a new kind of interaction through the agency of the vector potential, that is, by the intermediary of fields with a bigger range of action (decaying like 1/r). Also, it shows that the effective total pressure of the fluid has the contribution of a another kind of fluid with energy (J · A) per unit volume.
Onoochin et al [54] arrived to a similar conclusion, that an additional magnetic force to the Lorentz force should exist similar to a magnetic pressure. It should also be related to the longitudinal forces claimed to exist [55, 56, 57, 58, 59] and could introduce an electromagnetic lag in the AB effect [46] .
The result embedded into Eq. 19 can be applied to magnetocumulative generators, devices that generate electromotive forces through magnetic compression. It is worth to remark that although the value of the vector potential A at a given point of the physical space is not gauge invariant, the coupling term J µ A µ is gauge invariant [60] . We may also notice that the nature of the fluid on which the electromotive force is acting in Eq. 15 does not play any role. If the fluid is a good conductor of electricity the resulting equations are those of the magnetohydrodynamics. Otherwise, the above results have a quite general nature.
The above integral of Eq. 19 helps to mastery the principle of producing electric fields of required configuration in the plasma [61] , understanding the anomalous diffusion of charged particles in magnetized plasmas [41] , facilitating the development of high-current accelerators, plasma-optical systems and thermonuclear devices.
B. Magnus's force and Joukowski's theorem
The Magnus force is the lift force on a cylinder moving through a fluid when there is a net circulation of fluid around the cylinder. Eq. 12 allows us to obtain in a different way the Magnus force or the Joukowski's formula. In addition, remark that the second term of Eq. 12 is similar to the Coriolis (gyroscopic) force. To calculate the total (resultant) force acting on a given body with surface S we need to integrate all over the surface:
Here, the elementary volume is supposed to have cylindrical symmetry, such as dV = dS.dl. We consider the fluid incompressible, assumptions usually used to demonstrate Joukowski's theorem. If instead we are interested in the force per unit of transversal length, we have to integrate to obtain
where v 0 is the fluid velocity at infinity and where we have taken the unit vector n along the outer normal to the circulation around the contour γ, such as Γ = Γn.
C. Force exerted by a charged particle on a body carrying current
We intend to apply the former equations to calculate the angular velocity that an ideal solenoid carrying flux Φ B would communicate to an electrically charged particle of mass m and charge q, placed at a distance r from the solenoidal axis, in an azimuthal trajectory with velocity V θ . From Eq. 6, we obtain v θ = Γ/2πr, while from Eq. 7, we have v θ = Φ B /2πr [62] . The canonical momentum can be written immediately, containing the particle mechanical momentum plus the "field" (or "fluid") momentum:
Therefore, the "fluidic electrodynamics" treatment is rewarding, since considering the second term of Eq. 12, we realize that the non-null term is ∂u/∂t and, accordingly, we obtain the force to which is submitted the charged particle (e.g., Ref. [62, 63] ):
D. Force between two parallel currents of "fluid"
The calculation of the force exerted between two parallel currents is a standard application of electromagnetic theory, hereby applied with the help of our formalism. When considering our Eq. 12, we realize that only the term of Coriolis has any relevance to the problem. Hence, let us consider two filamentary vortex distant a part of r. The elementary force that filament (1) would exert on filament (2) is given by:
where dm 2 denotes the element of mass of a given "kind of flux" over which the given force is exerted. Considering the element of mass in the elementary volume dV = dS.dl around the filamentary axis (2), we can easily obtain
since dm 2 = ρdS 2 .dl 2 . We recall that the velocity induced around an infinite filamentary vortex (2) ω 2 is given by v 2 = −Γ 2 /2πr (e.g., Ref. [64] ). It leads us to:
that we can rewrite in the form:
Considering the orientation of the vorticity, we have an attractive or repulsive force between the two filamentary vortex. Using the analogies shown in Table I it is possible to establish the electromagnetic force between two current-carrying wires:
We can use Eq. 19 to obtain the pressure field around the filaments. When considering electrical wires acting over the "electric fluid" in a vacuum (with no matter motion), we obtain the scalar pressure at a given point γ of the streamline:
Eq. 29 contains an interaction term of pressure, where J 2 is the current density in the second wire (or, in the analogue filamentary vortex) and A 1 is the vector potential in the first wire. When both currents are parallel we have a pressure decrease of the "electric fluid" in the region between the two parallel wires, resulting thus into attraction, while when the currents are anti-parallel repulsion will prevail. To translate to the isomorphic relationship in the framework of hydrodynamics, we need to notice that Eq. 29 involves the current inside the conductor, that is, the vortex core, and therefore we need to use instead the expression of the speed v = Γr/(2πR 2 ), where R is the vortex (tube) radius. Hence, we need to use Eq. 24 integrating through the surface S to obtain the pressure at the center r = 0 of the vortex of radius R (e.g., Ref. [64] ):
Clearly and systematically, we see that this program of fluidic electrodynamics leads us to a new electrodynamic force, also discussed in Onoochin et al. [54] through a different method.
III. CONCLUSION
The new methodological approach provided by the "fluidic electrodynamics" approach allows a fast transposition from electromagnetism to fluid dynamics, and vice-versa. Under the practical viewpoint the application of analogies allowed us to arrive, in what respect the main objective of our research, to conclusions which are more difficult to obtain by other methods. In addition, we remark that the proposed fluidic electrodynamics framework described in this paper allows one to study the dynamics of any kind of "fluid" (e.g., electro-tonic state -EM phenomena; ordinary fluids -hydrodynamic phenomena). In such a framework, a new electrodynamic force equation was obtained with a new interaction term which represents a longitudinal force exerted among different elements of a circuit. The isomorphism between EM-fields and fluids become entirely symmetrical. The idea of longitudinal forces in electrodynamics was introduced by Ampère and verified by himself and de la Rive with an experiment done in 1882, where a hairpin was propelled along two troughs of liquid mercury due to the longitudinal repulsion (e.g. Ref. [65] ). Other experiments seem to point toward the reality of this force, among them, the Nasilowski's wire fragmentation experiment [56] . As it is still going on an electrodynamic force law controversy [57, 58, 59] we believe that the theoretical frame offered in this paper reinforces the necessity to consider this kind of force as a real one.
However, this electrodynamic force equation (with a new term beyond the standard Lorentz equation) become galilean invariant. It was shown, however, that classical electrodynamics can be formulated consistently with Galilean transformations [66] , in particular, through an appropriated redefinition of the fields constitutive equations [67] .
Longitudinal forces could introduce an electromagnetic lag in the AB effect, and this could possibly mean that the AB effect is local and maybe a classical effect [46] .
The theoretical framework offered in this paper can be applied to magnetocumulative generators and may help to mastery the principle of producing electric fields of required configuration in plasmas, which facilitates the development of high-current accelerators, plasma-optical systems and thermonuclear devices.
